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Abstract

We study differentially private mechanisms for answering smooth queries on
databases consisting of data points in R?. A K-smooth query is specified by a
function whose partial derivatives up to order K are all bounded. We develop an e-
differentially private mechanism which for the class of K -smooth queries has ac-

K
curacy O((£) 2™ ¥ /e). The mechanism first outputs a summary of the database.
To obtain an answer of a query, the user runs a public evaluation algorithm which
contains no information of the database. Outputting the summary runs in time
7d . . . . .

O(n**2a+x), and the evaluation algorithm for answering a query runs in time
. d+2424

O(n TR ). Our mechanism is based on L .,-approximation of (transformed)
smooth functions by low degree even trigonometric polynomials with small and
efficiently computable coefficients.

1 Introduction

Privacy is an important problem in data analysis. Often people want to learn useful information from
data that are sensitive. But when releasing statistics of sensitive data, one must tradeoff between the
accuracy and the amount of privacy loss of the individuals in the database.

In this paper we consider differential privacy [10], which has become a standard concept of privacy.
Roughly speaking, a mechanism which releases information about the database is said to preserve
differential privacy, if the change of a single database element does not affect the probability distri-
bution of the output significantly. Differential privacy provides strong guarantees against attacks. It
ensures that the risk of any individual to submit her information to the database is very small. An
adversary can discover almost nothing new from the database that contains the individual’s infor-
mation compared with that from the database without the individual’s information. Recently there
have been extensive studies of machine learning, statistical estimation, and data mining under the
differential privacy framework [33} 15, (19} 18} 6, 34} 122 |4]].

Accurately answering statistical queries is a well studied problem in differential privacy. A simple
and efficient method is the Laplace mechanism [10], which adds Laplace noise to the true answers.
Laplace mechanism is especially useful for query functions with low sensitivity, which is the max-
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imal difference of the query values of two databases that are different in only one item. A typical
class of queries that has low sensitivity is linear queries, whose sensitivity is O(1/n), where n is the
size of the database.

The Laplace mechanism has a limitation. It can answer at most O(n?) queries. If the number
of queries is substantially larger than n2, Laplace mechanism is not able to provide differentially
private answers with nontrivial accuracy. Considering that potentially there are many users and
each user may submit a set of queries, limiting the number of total queries to be smaller than n? is
too restricted in some situations. A remarkable result due to Blum, Ligett and Roth [2] shows that
information theoretically it is possible for a mechanism to answer far more than n? linear queries
while preserving differential privacy and nontrivial accuracy simultaneously.

There are a series of works [[11} 12} [23} [17] improving the result of [2]]. All these mechanisms
are very powerful in the sense that they can answer general and adversely chosen queries. On the
other hand, even the fastest algorithms [[17, |15]] run in time linear in the size of the data universe to
answer a query. Often the size of the data universe is much larger than that of the database, so these
mechanisms are inefficient. Recently, [28] shows that there is no polynomial time algorithm that
can answer n2T°(1) general queries while preserving privacy and accuracy (assuming the existence
of one-way function).

Given the hardness result, recently there are growing interests in studying efficient and differentially
private mechanisms for restricted class of queries. From a practical point of view, if there exists a
class of queries which is rich enough to contain most queries used in applications and allows one to
develop fast mechanisms, then the hardness result is not a serious barrier for differential privacy.

One class of queries that attracts a lot of attentions is the k-way conjunctions. The data universe for
this problem is {0, 1}%. Thus each individual record has d binary attributes. A k-way conjunction
query is specified by k features. The query asks what fraction of the individual records in the
database has all these k features being 1. A series of works attack this problem using several different
techniques [11 14} [7, (16, 27]] . They propose elegant mechanisms which run in time poly(n) when
k is a constant. Another class of queries that yields efficient mechanisms is sparse query. A query
is m-sparse if it takes non-zero values on at most m elements in the data universe. [3] develops
mechanisms which are efficient when m = poly(n).

When the data universe is [—1, 1]%, where d is a constant, [2] considers rectangle queries. A rectangle
query is specified by an axis-aligned rectangle. The answer to the query is the fraction of the data
points that lie in the rectangle. [2] shows that if [—1, 1]¢ is discretized to poly(n) bits of precision,
then there are efficient mechanisms for the class of rectangle queries. There are also works studying
related range queries [20]].

In this paper we study smooth queries defined also on data universe [—1, 1]¢ for constant d. A smooth
query is specified by a smooth function, which has bounded partial derivatives up to a certain order.
The answer to the query is the average of the function values on data points in the database. Smooth
functions are widely used in machine learning and data analysis [32]. There are extensive studies
on the relation between smoothness, regularization, reproducing kernels and generalization ability
(31} 124].

Our main result is an e-differentially private mechanism for the class of K-smooth queries, which
are specified by functions with bounded partial derivatives up to order K. The mechanism has

K d
(av, B)-accuracy, where a = O ((%) e /6) for B > e=9(***) The mechanism first outputs a

summary of the database. To obtain an answer of a smooth query, the user runs a public evaluation

procedure which contains no information of the database. Outputting the summary has running time
d . . I A, AR

0] (n1+ 2d+K ) and the evaluation procedure for answering a query runs in time O(n TR ). The

mechanism has the advantage that both the accuracy and the running time for answering a query

improve quickly as K/d increases (see also Tablein Section .

Our algorithm is a L,-approximation based mechanism and is motivated by [27], which considers
approximation of k-way conjunctions by low degree polynomials. The basic idea is to approximate
the whole query class by linear combination of a small set of basis functions. The technical difficul-
ties lie in that in order that the approximation induces an efficient and differentially private mech-
anism, all the linear coefficients of the basis functions must be small and efficiently computable.
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To guarantee these properties, we first transform the query function. Then by using even trigono-
metric polynomials as basis functions we prove a constant upper bound for the linear coefficients.
The smoothness of the functions also allows us to use an efficient numerical method to compute the
coefficients to a precision so that the accuracy of the mechanism is not affected significantly.

2 Background

Let D be a database containing n data points in the data universe X'. In this paper, we consider the
case that ¥ C R? where d is a constant. Typically, we assume that the data universe X = [—1,1]%.
Two databases D and D’ are called neighbors if |D| = |D’| = n and they differ in exactly one data
point. The following is the formal definition of differential privacy.

Definition 2.1 ((¢, §)-differential privacy). A sanitizer S which is an algorithm that maps input
database into some range R is said to preserve (e, §)-differential privacy, if for all pairs of neighbor
databases D, D’ and for any subset A C R, it holds that

P(S(D) € A) < P(S(D') € A) - ¢ + 0.

If S preserves (e, 0)-differential privacy, we say S is e-differentially private.

We consider linear queries. Each linear query gy is specified by a function f which maps data
universe [—1,1]% to R, and ¢y is defined by ¢;(D) := ﬁ > owep [(T).

Let () be a set of queries. The accuracy of a mechanism with respect to () is defined as follows.

Definition 2.2 ((«, §)-accuracy). Let () be a set of queries. A sanitizer S is said to have («, §)-
accuracy for size n databases with respect to Q, if for every database D with |D| = n the following
holds

PEqeQ, [S(D,q) —q(D)| =) < B,

where S(D, ¢) is the answer to g given by S.

We will make use of Laplace mechanism [[10] in our algorithm. Laplace mechanism adds Laplace
noise to the output. We denote by Lap(c) the random variable distributed according to the Laplace
distribution with parameter o: P(Lap(c) = z) = 5= exp(—|z|/0).

We will design a differentially private mechanism which is accurate with respect to a query set
@ possibly consisting of infinite number of queries. Given a database D, the sanitizer outputs a
summary which preserves differential privacy. For any ¢ € @, the user makes use of an evaluation
procedure to measure f on the summary and obtain an approximate answer of g (D). Although we
may think of the evaluation procedure as part of the mechanism, it does not contain any information
of the database and therefore is public. We will study the running time for the sanitizer outputting
the summary. Ideally it is O(n¢) for some constant ¢ not much larger than 1. For the evaluation
procedure, the running time per query is the focus. Ideally it is sublinear in n. Here and in the rest
of the paper, we assume that calculating the value of f on a data point = can be done in unit time.

In this work we will frequently use trigonometric polynomials. For the univariate case, a function
p(0) is called a trigonometric polynomial of degree m if p(f) = ag + Y-, (a; coslf + b; sin 1),
where a;,b; are constants. If p(6) is an even function, we say that it is an even trigonomet-
ric polynomial, and p(8) = ag + Y _,-, a;coslf. For the multivariate case, if p(61,...,0q) =

1=(1y,....1a) @ €08(1101) . . . cos(labla), then p is said to be an even trigonometric polynomial (with
respect to each variable), and the degree of 6; is the upper limit of ;.

3 Efficient differentially private mechanism

Let us first describe the set of queries considered in this work. Since each query ¢ is specified by a
function f, a set of queries () can be specified by a set of functions F'. Remember that each f € F
maps [—1,1]? to R. For any point x = (z1,...,z4) € [-1,1]4, if k = (k1,...,kq) is a d-tuple
with nonnegative integers, then we define

ok Oka

At 6365‘1 .

D% .= D ... Dh .=



Parameters: Privacy parameters €, > 0; Failure probability 8 > 0;
Smoothness order K € N; Set t = nﬁ.

Input: Database D € ([—1,1]%)".

Output: A t?-dimensional vector as the summary.

Algorithm:
For each x = (z1,...,24) € D:
Set: 6;(x) = arccos(x;),i =1,...,d;
For every d-tuple of nonnegative integers m = (my, ..., mg), where |m||o, <t —1

Compute: Sum (D) = 23 1 cos (my61(x)) ... cos (maba(x));

n

Stm(D) < Sum(D) + Lap (;7) :

Let §1\1(D) = (gl\lm(D)) il be a t? dimensional vector;
m|eo<t—1

Return: §1\1(D)

Algorithm 1: Outputting the summary

Parameters: ¢ = n 7%
Input: A query gy, where f : [-1,1]Y - Rand f € CE,
Summary Su(D) (a t%-dimensional vector).

Output: Approximate answer to q¢(D).
Algorithm:

Let g7 (0) = f (cos(6h),...,co8(0q)), 0 = (01,...,04) € [-m, 7%

Compute a trigonometric polynomial approximation p; (@) of g (),

where the degree of each 0; is t; // see Sectionfor details of computation.
Denote pi(0) = 31— (iny....ma), jml|oo <t Cm €0S(M161) ... cos(maba);

Let ¢ = (Cm)|m| < be @ t4-dimensional vector;

Return: the inner product < c, §1(D) >.

Algorithm 2: Answering a query

Let |k| := k1 + ... + kq. Define the K-norm as

I fll == sup  sup |D¥f(x)|.
k| <K xe[—1,1]d

We will study the set C'5 which contains all smooth functions whose derivatives up to order K have
oo-norm upper bounded by a constant B > 0. Formally, C5 := {f : ||f|lx < B}. The set
of queries specified by C'%, denoted as ch, is our focus. Smooth functions have been studied in
depth in machine learning [29, |32} 31]] and found wide applications [24]].

The following theorem is our main result. It says that if the query class is specified by smooth
functions, then there is a very efficient mechanism which preserves e-differential privacy and good
accuracy. The mechanism consists of two parts: One for outputting a summary of the database,
the other for answering a query. The two parts are described in Algorithm [I] and Algorithm [2]
respectively. The second part of the mechanism contains no private information of the database.

Theorem 3.1. Let the query set be Qo = {qr = LY wenf(x): f € CKY, where K € N

and B > 0 are constants. Let the data universe be [—1,1]¢, where d € N is a constant. Then the
mechanism S given in Algorithm|[I|and Algorithm 2] satisfies that for any € > 0, the following hold:

1) The mechanism is e-differentially private.

d K
2) Forany 8 > 10 - e~ 5" ) the mechanism is (av, 3)-accurate, where o = O ((%) 2d+K /e)
and the hidden constant depends only on d, K and B.



Table 1: Performances vs. Order of smoothness

Order of smoothness | Accuracy Time: Outputting summary Time: Answering a query
K=1 O((%) =) O(n?) O(ni+dea)
K=2d O(7) O(n?) O(ni+%")
fF=e<1 O((L)12) O(n!+eo) O(neo+4)

3) The running time for S to output the summary is O(n RS ).

d+2+424
4) The running time for S to answer a query is O(n TR polylog(n)).

The proof of Theorem [3.1]is given in the appendix.

To have a better idea of how the performances depend on the order of smoothness, let us consider
three cases. The first case is i = 1, i.e., the query functions only have the first order derivatives.
Another extreme case is K >> d, and we assume d/K = ¢y < 1. We also consider a case in the
middle by assuming K = 2d. Table[] gives simplified upper bounds for the error and running time
in these cases. We have the following observations:

1) The accuracy « improves dramatically from roughly O(n~22) to nearly O(n 1) as K increases.
For K > 2d, the error is smaller than the sampling error O(ﬁ)

2) The running time for outputting the summary does not change too much, because reading through
the database requires Q(n) time.

3) The running time for answering a query reduces significantly from roughly O(n?3/2) to nearly
O(n) as K getting large. When K = 2d, it is about n'/* if d is not too small. In practice, the
speed for answering a query may be more important than that for outputting the summary since
the sanitizer only output the summary once. Thus having an n®-time (¢ < 1) algorithm for query
answering will be appealing.

Conceptually our mechanism is simple. First, by change of variables we have g (61,...,0q4) =
f(cos by, ..., cosfy). It also transforms the data universe from [—1,1]¢ to [~m, 7]%. Note that for
each variable 6;, g7 is an even function. To compute the summary, the mechanism just gives noisy
answers to queries specified by even trigonometric monomials cos(m01) ... cos(mg8,). For each
trigonometric monomial, the highest degree of any variable is ¢ := maxymgq = O(n TR ). The
summary is a O(n2@+K )-dimensional vector. To answer a query specified by a smooth function f,
the mechanism computes a trigonometric polynomial approximation of g¢. The answer to the query
gy is a linear combination of the summary by the coefficients of the approximation trigonometric
polynomial.

Our algorithm is an L,-approximation based mechanism, which is motivated by [27]. An approxi-
mation based mechanism relies on three conditions:

 There exists a small set of basis functions such that every query function can be well approximated
by a linear combination of them.

¢ All the linear coefficients are small.

* The whole set of the linear coefficients can be computed efficiently.

If these conditions hold, then the mechanism just outputs noisy answers to the set of queries specified
by the basis functions as the summary. When answering a query, the mechanism computes the
coefficients with which the linear combination of the basis functions approximate the query function.
The answer to the query is simply the inner product of the coefficients and the summary vector.



The following theorem guarantees that by change of variables and using even trigonometric poly-
nomials as the basis functions, the class of smooth functions has all the three properties described
above.

Theorem 3.2. Lety > 0. For every f € CK defined on [—1,1]¢, let
g7(01,...,0q) = f(cosbn,...,cos0q), 6; €[—m, m].

=

1/K
v) g

Then, there is an even trigonometric polynomial p whose degree of each variable is t(vy) = (

p(b1,...,0q) = Z ...ty €0s(1107) . .. cos(lqb4),

0<ly,...,lg<t(%)
such that

D lgs —pllos < -

2) All the linear coefficients c;, ... 1, can be uniformly upper bounded by a constant M independent
of t(7y) (i.e., M depends only on K, d, and B).

3) The whole set of the linear coefficients can be computed in time O ((%) G polylog(%)).

Theorem [3.2] is proved in Section 4] Based on Theorem the proof of Theorem [3.1] is mainly
the argument for Laplace mechanism together with an optimization of the approximation error -y
trading-off with the Laplace noise. (Please see the appendix.)

4 L. -approximation of smooth functions: small and efficiently computable
coefficients

In this section we prove Theorem That is, for every f € C% the corresponding g; can be
approximated by a low degree trigonometric polynomial in L.,-norm. We also require that the
linear coefficients of the trigonometric polynomial are all small and can be computed efficiently.
These properties are crucial for the differentially private mechanism to be accurate and efficient.

In fact, L.-approximation of smooth functions in C’g by polynomial (and other basis functions) is
an important topic in approximation theory. It is well-known that for every f € CK there is a low
degree polynomial with small approximation error. However, it is not clear whether there is an upper
bound for the linear coefficients that is sufficiently good for our purpose. Instead we transform f to
g and use trigonometric polynomials as the basis functions in the mechanism. Then we are able
to give a constant upper bound for the linear coefficients. We also need to compute the coefficients
efficiently. But results from approximation theory give the coefficients as complicated integrals.
We adopt an algorithm which fully exploits the smoothness of the function and thus can efficiently
compute approximations of the coefficients to certain precision so that the errors involved do not
affect the accuracy of the differentially private mechanism too much.

Below, Section [4.1] describes the classical theory on trigonometric polynomial approximation of
smooth functions. Section shows that the coefficients have a small upper bound and can be
efficiently computed. Theorem 3.2]then follows from these results.

4.1 Trigonometric polynomial approximation with generalized Jackson kernel

This section mainly contains known results of trigonometric polynomial approximation, stated in a
way tailored to our problem. For a comprehensive description of univariate approximation theory,
please refer to the excellent book of [9]]; and to [26] for multivariate approximation theory.

Let g be the function obtained from f € CK ([-1,1]9): g;(61,...,04) = f(cosby,...,cosby).
Note that gy € CK, ([—m,7]%) for some constant B’ depending only on B, K, d, and gy is even
with respect to each variable. The key tool in trigonometric polynomial approximation of smooth
functions is the generalized Jackson kernel.

. 2r
Definition 4.1. Define the generalized Jackson kernel as .J; ,.(s) L (Sm(t‘g/ 2)) , where A\ - is

= At,r \ sin(s/2)
determined by [ J; ,(s)ds = 1.



Jir(s) is an even trigonometric polynomial of degree r(t — 1). Let H;,(s) = Jy ,(s), where
t' = |t/r] + 1. Then H, , is an even trigonometric polynomial of degree at most ¢. We write

t
Hy,(s) =ao+ Zal cosls. (1)
=1

Suppose that g is a univariate function defined on [—, 7] which satisfies that g(—7) = g(m). Define
the approximation operator I; x as

x K+1
c(o)@) = = [ 9 30 (4 ate +15)as @
- =1

where r = (%] It is not difficult to see that I; x maps g to a trigonometric polynomial of degree

at most £.

Next suppose that g is a d-variate function defined on [—m, 7%, and is even with respect to each
variable. Define an operator Itd % as sequential composition of I; k1, ..,y Kk 4, where I}  ; is

the approximation operator given in with respect to the jth variable of g. Thus Ig x(g)is a
trigonometric polynomial of d-variables and each variable has degree at most ¢.

Theorem 4.1. Suppose that g is a d-variate function defined on [—=,7|%, and is even with respect
to each variable. Let D§K) g be the Kth order partial derivative of g respect to the j-th variable. If

HDJ(-K) 9lleo < M for some constant M for all 1 < j < d, then there is a constant C' such that

C
d
lg — Ik (9)]loo < R

where C depends only on M, d and K.

4.2 The linear coefficients

In this subsection we study the linear coefficients in the trigonometric polynomial Ig x(gr). The
previous subsection established that g; can be approximated by Ig k (gy) for a small t. Here we con-

sider the upper bound and approximate computation of the coefficients. Since I, t‘f x(gr)(01,...,04q)
is even with respect to each variable, we write
It (gp) (0, ... 0q) = Z Cny....nyg €OS(n16071) ... cos(ngbaq). 3)

0<ny,...,ng <t

Fact 4.2. The coefficients cy, ... n, ofIgK(gf) can be written as

Cny,.ong = (_1)d Z My ky,.0lakas (4)
1<kt ka<K+1
0<ly,...,last
li=k; n;Vie(d]
where
d d
) K+1 l;
s =Hera () ([ Moo (o) aoe).
i1 1 -, =1 4

and ay, is the linear coefficient of cos(l;s) in Hy »(s) as given in ().

The following lemma shows that the coefficients ¢, ..., of Ig x(gy) can be uniformly upper
bounded by a constant independent of ¢.

Lemma 4.3. There exists a constant M which depends only on K, B, d but independent of t, such
that for every f € CK, all the linear coefficients ¢y, . n, ofIgK(gf) satisfy

‘cn17---,nd| S M'



The proof of Lemma4.3]is given in the appendix.

Now we consider the computation of the coefficients ¢, ... n, of I ;-(gs). Note that each coeffi-
cient involves d-dimensional integrations of smooth functions, so we have to numerically compute
approximations of them. For function class C% defined on [—1, 1]¢, traditional numerical integra-
tion methods run in time O((1)%/¥) in order that the error is less than 7. Here we adopt the sparse
grids algorithm due to Gerstner and Griebel [[13] which fully exploits the smoothness of the inte-
grand. By choosing a particular quadrature rule as the algorithm’s subroutine, we are able to prove
that the running time of the sparse grids is bounded by O((%)g/ K. The sparse grids algorithm, the
theorem giving the bound for the running time and its proof are all given in the appendix. Based
on these results, we establish the running time for computing the approximate coefficients of the
trigonometric polynomial, which is stated in the following Lemma.

Lemma 4.4. Let ¢, .. n, be an approximation of the coefficient c,, ... n, Of Ith((gf) obtained by
approximately computing the integral in (5|) with a version of the sparse grids algorithm [13] (given
in the appendix). Let

fﬁK(gf)(Gh...,Gd) = Z Cny,...ng €OS(n161) ... cos(ngbfq).

0<ny,...,ng<t

Then for every f € CX, in order that ||ftdK(gj) - IZK(gf)HOO < O (t75), it suffices that the
d+2

.....

. polylog(t)). In addition,

maxnl,...,nd |én1,...,nd - Cn17,,_,nd| == 0(1) ast — oo.
The proof of Lemma[d.4]is given in the appendix. Theorem [3.2]then follows easily from Lemma[4.3|
and Lemma 4.4

1/K .
Proof of Theorem[3.2] Setting t = t(y) = (%) . Letp = I 1(g5). Combining Lemma

and Lemma and note that the coefficients ¢,,, ..., are upper bounded by a constant, the theorem
follows.

O

5 Conclusion

In this paper we propose an e-differentially private mechanism for efficiently releasing /-smooth

K

queries. The accuracy of the mechanism is O( (%) 247K The running time for outputting the sum-
. d .~ d¥242d/K . .

mary is O(n'T2a+%), and is O(n~ 24+k ) for answering a query. The result can be generalized

to (e, 0)-differential privacy straightforwardly using the composition theorem [12]]. The accuracy
improves slightly to O((1) SR log (%) STEIR ), while the running time for outputting the summary

and answering the querynincrease slightly. Our mechanism is based on approximation of smooth
functions by linear combination of a small set of basis functions with small and efficiently com-
putable coefficients. Directly approximating functions in C ([—1,1]%) by polynomials does not
guarantee small coefficients and is less efficient. To achieve these goals we use trigonometric poly-

nomials to approximate a transformation of the query functions.

It is worth pointing out that the approximation considered here for differential privacy is Loo-
approximation, because the accuracy is defined in the worst case sense with respect to databases and
queries. L,-approximation is different to Ly-approximation, which is simply the Fourier transform
if we use trigonometric polynomials as the basis functions. Ly-approximation does not guarantee
(worst case) accuracy.

For the class of smooth functions defined on [—1, 1]¢ where d is a constant, in fact it is not difficult
to design a poly(n) time differentially private mechanism. One can discretize [—1,1]% to O(%)
precision, and use the differentially private mechanism for answering general queries (e.g., PMW
[17]). However the mechanism runs in time O(n%/?) to answer a query, and provides O(n~'/?)
accuracy. In contrast our mechanism exploits higher order smoothness of the queries. It is always
more efficient, and for queries highly smooth it is more accurate.



Finally, the smooth query should not be confused with the smooth sensitivity [21], which is an
upper bound of the local sensitivity. Different to the global sensitivity, local sensitivity measures the
sensitivity of a query on a data element and can be smaller than global sensitivity. For our problem,
both global and local sensitivities are O(2).
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Appendix

Here we give proofs of the theorems and lemmas, as well as a description of the sparse grids algo-
rithm.

Proof of Theorem 3.1

Proof. We prove the four results separately.

1) The summary is a t?-dimensional vector with sensitivity % By the standard argument for Laplace
mechanism, adding #? i.i.d. Laplace noise Lap(fl—i) preserves e-differential privacy.
2) The error of the answer to each query consists of two parts: the approximation error and the noise
K
error. Setting the approximation error v in Theorem 3.2 as v = n™ 2¢+% . Then the degree of each
1/K
variable in g(0) is t(y) = (%) = n27 % | which is the same as ¢ given in Algorithm 1. Now
consider the error induced by the Laplace noise. The noise error is simply the inner product of the
t? linear coefficients c,,...,1, and t4ii.d. Lap(fl—de). Since the coefficients are uniformly bounded by
a constant, the noise error is bounded by the sum of ¢¢ independent and exponentially distributed

random variables (i.e., \Lap(fl—i) [). The following lemma gives it an upper bound.
Lemma 5.1. Let X1,..., Xy be ii.d. random variables with p.d.f. P(X; = z) = %6’75/” for
x > 0. Then
N N
P() X;>2No)<10-e 5.

i=1

Proof. LetY = Zf\;l X;. Itis well-known that Y satisfies the gamma distribution, and for Vu > 0

u 1 su\"
P(Y >u) <e ¥ 7(7)
(Y>u)<e 7Z%n! o
Thus
N—l1
—2N n
P(Y > 2No) <e z%a(z]v)
Note that for n < N
LN HeNN _
n!<2N) < 1!(2]\;2]\]_ H( —%)S67N41
€ vy (2N) ne1

Thus




Part 2) of Theorem 3.1 then follows from Lemma 5.1}

3) This is straightforward since the summary is a t*-dimensional vector and for each item the running
time is O(n).

4) According to our setting of ¢, it is easy to check that the error induced by Laplace noise and that
of approximation have the same order. Then by the third part of Theorem 3.2 we have the running

d424 24
time for computing the coefficients of the trigonometric polynomial is O (n T polylog(n)) .

The result follows since computing the inner product has running time O(n2#+% ), which is much
less than computing the coefficients.

O
Proof of Lemma 4.3 We first give a simple lemma.
Lemma 5.2. Let
t
Hy,(s) = Zal coss. (6)
1=0

Then foralll =0,1,...,t
la;| < 1/7.

Proof. Foranyl € {0,1,...,t}, multiplying cos s on both sides of @ and integrating from —m to
7, we obtain that for some £ € [—m, 7],

1 (7 siE [T

a; = — Hy ,(s)coslsds = cosl€

—r 0 -7

cosl
Hy,(s)ds = 5.
™
where in the last equation we use the identity

H, ., (s)ds = 1.

—T

This completes the proof.

Proof of Lemma 4.3. We first bound my, 1, ...1,.%,. Recall that (see also (5) in Fact 4.2)

d

d
. K+1 l;
mllvk:ly-nyldykd = I |(]‘)kﬂal7§< 3 ) (/ . | I COS <k01) gf(e)d0> .
i [ml iy i

=1

It is not difficult to see that |my, k,....1,.k,| can be upper bounded by a constant depending only on
d, K and B, but independent of ¢. This is because that the previous lemma shows |a;,| < % and g
is upper bounded by a constant.

Now consider ¢, ,... »,. Recall that

d
Cny,coong — (_1) E MUy kyselaska-

1<kq,...,ka<K+1
0<ly . Ta<t

‘We need to show that all |Cn1,...,n .| are upper bounded by a constant independent of ¢. Note that
although each [; takes ¢ + 1 values, /; and k; must satisfy the constraint /; /k; = n,. Since k; can take
at most K + 1 values, the number of 7y, , .. 1.k, appeared in the summation is at most (K + 1)<
Therefore all ¢, ... », are bounded by a constant depending only on d, K and B, and is independent
of ¢.

O
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The sparse grids algorithm In this section we briefly describe the sparse grids numerical integra-
tion algorithm due to Gerstner and Griebel. (Please refer to [[13]] for a complete introduction.) We
also specify a subroutine used by this algorithm, which is important for proving the running time.

Numerical integration algorithms dicretize the space and use weighted sum to approximate the in-
tegration. Traditional methods for the multidimensional case usually discretize each dimension to
the same precision level. In contrast, the sparse grids methods, first proposed by Smolyaks [23]],
discretize each dimension to carefully chosen and possibly different precision levels, and finally
combine many such discretization results. When the integrand has bounded mixed derivatives, as in
our case that the integrand is in C'%5, one can use very few grids in most dimension and still achieve
high accuracy.

The sparse grids method is based on one dimensional quadrature (i.e., numerical integration). There
are many candidates for one dimensional quadrature. In order to prove an upper bound for the
running time, we choose the Clenshaw-Curtis rule [8] as the subroutine. This also makes the analysis
simpler.

Let b : [~1,1]% — R be the integrand. Let SG(h) be the output of the sparse grids algorithm. Let /
be the /evel parameter of the algorithm.

Letk = (ki1,...,kq) and j = (41, ..., ja) be d-tuples of positive integers. Then SG(h) is given as
a combination of weighted sum:

m(k1) m(kq)

SG(h) := Z Z Z Ui j f (Xic j)- (7N

|k|<l4+d—1 ji1=1 Ja=1

Below we describe m(k;), xx j and uy j respectively.
1) For any k € N, m(k) := 2.

2) For each k = (k1,...,kq) and j = (j1,...,Ja), define Xij := (Tiy jis-- s Thy,jg)> and T, j,
is the j;th zero of the Chebyshev polynomial with degree m(k;). Denote by T}, ,) the Chebyshev
polynomial. Its zeros are given by the following formula.

o (2j; — D)m . _
Tk, j; = COS (Qm(ki) , o Ji=1,2,...,m(k;). (8)

3) Now we define the weights uy ;. First let wy ; be the weight of xy ; in the one-dimensional
Clenshaw-Curtis quadrature rule given by

1
LT (k) + D (mk) — 1)
m(k)/2 .
2 , 1 27(j — )r )
= g (12 X e (L) ) r2<ismw, ©

where 3’ means that the last term of the summation is halved.

Next, for any fixed k and j, define

V(k )Wk ifg=1,

(k+a).j W(ktq—1),r — W(ktq—2),s if ¢ > 1, and for 7, s satisfying Tx j = T(ktq—1),r = T(ktq—2),s »

where xy, ; is the zero of Chebyshev polynomial defined above.

Finally, the weight uy ;j is given by

Uk,j = Z V(ki+q1),1 - - V(ka+aqa),da>
[k+q|<l+2d—1

where k = (k1,...,kq) and @ = (q1,- - ,qq). This completes the description of the sparse grids
algorithm.

11



Proof of Lemma 4.4 We first give the result that characterizes the running time of the Gerstner-
Griebel sparse grids algorithm in order to achieve a given accuracy.

Lemma 5.3. Let h € CK([—m,n]%) for some constants K and B. Let SG(h) be the numerical
integration of h using the sparse grids algorithm described in the previous section. Given any

desired accuracy parameter T > 0, the algorithm achieves ‘ f[w ] h(0)d8 — SG(h)| < T, with

2
running time at most O ((%) K (log L )3(1‘*‘%"‘1).

T

Proof of Lemma Let L = 2!71 —2, where [ is the level parameter of the sparse grids algorithm.
[ and L will be determined by the desired accuracy 7 later. In fact, L is the maximum number of
grid points of one dimension. By (7) it is easy to see that the total number of grid points, denoted by
N, is given by

NE = Z m(ky) - -m(kq)

|k|[<l+d—1

o(%'L)

O(L(log, L)471). (10)

In [13] it is shown that the approximation error 7 can be bounded by the maximal number of grid
points per dimension as follows.

7 = O(L ¥ (log L)(K+Dd=1)), (11)

Next, let us consider the computational cost per grid point. Since we assume that h(x) can be
computed in unit time, and the zeros of Chebyshev polynomials can be computed according to (8),
then computing the weights uy ; dominates the running time. Fix k& € N, consider wy j, 1 < j <
m(k). From @), it is not difficult to see that the set of wy ; can be computed by Fast Fourier
Transform (FFT). Therefore the computation cost is O(m/(k)logm(k)). Some calculations yield
that for a fixed k, j, the computational cost for uy j is O(dLlog L). Combining this with and
the lemma follows.

O

Next we turn to prove Lemma 4.4. First, we need the following famous result.

Lemma 5.4. Let m be a positive integer, let o(m) denotes the number of divisors of m, then for
large t

Z U(m) =tlnt+ (26 — 1)t + O(tl/Q),

m=1

where c is Euler’s constant.

To analyze the running time, we also need a result about the normalizing constant of the generalized
Jackson kernel [30]].

Lemma 5.5 ([30]). Let

Jip = )\tlm (W) 2r |

be the generalized Jackson kernel as given in Definition 4.1, and the normalizing constant X, is
determined by

™

Jir(s)ds = 1.

—T

Then the following identity of the normalizing constant A\, , holds

r—r/t]

A = 27r[ kZ:O (—1)F (2];") (T(i(:i)l) i’ft; 1), (12)

12



Now we are ready to prove Lemma 4.4.

Proof of Lemma 4.4. Assume that the error induced by the sparse grids algorithm is at most 7 per
integration. That is, for every k = (k1,...,kq),1 = (I1,...,14)

‘/[ _ﬁcos (;l{59> 9(6)de

<T.

Then
d
. (K +1
SUD  [Cnyoing — Cnyromg| < SUP | D H(—l)’“'( L >azi 7.
N1,..yNd N1,..yNd li [ki=ny; i=1 i

By Lemma([5.2] |a;,| < . We obtain that

sup |Cn1,...,nd - énl,...,nd‘ S M © T, (13)

ni,...,Nd
for some constant M independent of ¢.
Similarly, we have
| H ko) B o) < Ott™). (14)

Since in the statement of the lemma the desired approximation error is O(t %), we have

=t (K+d), (15)

It is also clear that

max |Cny...my — Cny....mg] =0(1), ast— oo.
MN1y...3Ng

Now let us consider the computation cost. Recall that the kernel H, ,. is an even trigonometric of
degree at most ¢:

t

H . (s) =ap+ Z aj cosls, (16)
I=1

where H; (s) = Jy r(s) and Jy , is the generalized Jackson kernel given in Definition 4.1. First

we need to compute the value of the linear coefficient a; of Hy ,.. By Lemma@ one can compute

the linear coefficients a; by solving a system of £+ 1 linear equations. That is, we choose an arbitrary

¢+ 1 points in [—m, 7] and solve (16), since we can compute the value of Hy ,.(s) directly based on

the value of \; ;.. Clearly, the running time is O(3).

Having a;,, let us consider the computational cost for calculating é,, .. n,. According to

Lemma [5.3] the running time for thg(KsPd?rse grids algorithm to compute one integration is

O ((2)% (1og(1/m)* K +1) = 0 (**F* polylog(t)).

Since we only need to compute the integration when ;| k; for all ¢ € [d], by Lemrnathe number
of integrations to compute is at most

(K+1+0(1)+...+0(t)" =0 ((tlogt)?).

Thus the total time cost for all numerical integration is O (t(H%)d“polylog(t)) . Since

2
1+ —=)d+22>
(1+3)d+223,

the computation time for obtaining the coefficients a; in Hy , is dominated by the running time of
the sparse grids algorithm. It is also easy to see that all other computation costs are dominated by
that of the numerical integration. The lemma follows.

O
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